A reductive structure is associated here with Lagrangian canonically defined conserved quantities on gauge-natural bundles. Infinitesimal parametrized transformations defined by the gauge-natural lift of infinitesimal principal automorphisms induce a variational sequence such that the generalized Jacobi morphism is naturally self-adjoint. As a consequence, its kernel defines a reductive split structure on the relevant underlying principal bundle.
Introduction
Since jet spaces and formal derivatives form a natural geometric framework for the representation of partial differential equations, various differential-geometric formulations of calculus of variations on jet spaces have been proposed (see, e.g. [1, 16, 21, 22, 23, 27, 33, 35, 37, 39] ). In most of these formulations the differential operator transforming Lagrangians to Euler-Lagrange expressions is nothing but a sheaf morphism of a certain differential sheaf sequence, thus providing two related frames [41] : infinite order variational bicomplexes and Krupka's finite order variational sequences. We work within the framework of finite order variational sequences on those very important geometric constructions called gauge-natural bundles [8, 21] by considering variational derivatives of gauge-natural invariant Lagrangians of arbitrary order in the general case of n independent variables and m unknown functions. As well known, following Noether's theory [26] , from invariance properties of the Lagrangian the existence of suitable conserved currents and identities can be deduced. Within such a picture generalized Bergmann-Bianchi identities [4] are conditions for a Noether conserved current to be not only closed but also the global divergence of a tensor density called a superpotential. First in [29] and then in a series of papers [14, 15, 28, 30, 31, 42] we proposed an approach to deal with the problem of canonical covariance and uniqueness of conserved quantities which uses variational derivatives taken with respect to the class of (generalized) variation vector fields being Lie derivatives of sections of bundles by gauge-natural lifts of infinitesimal principal automorphisms. Such variational derivatives can be suitably interpreted as vertical differentials [13] .
In their stemming paper on the Hamilton-Cartan formalism [16] , under certain assumptions on admissible variations, Goldschmidt and Sternberg found that the Jacobi morphism is self-adjoint along solutions of the Euler-Lagrange equations in first order Lagrangian field theory. Within the geometric framework of jets of fibered manifolds they proved that the Hessian morphism, which is nothing but the second variation of the action integral of a Lagrangian, is in fact a symmetric bilinear morphism. Their proof is based on the fact that variations are choosen to be vanishing on the boundary of the integration manifold, so that integrals of divergences vanish on the boundary by virtue of Stoke's theorem. The Hessian morphism is in fact symmetric up to a term wich is the integral of a total divergence and vanishes following standard arguments in calculus of variations. As an immediate consequence of the symmetry properties of the Hessian, the latter being the integral of the contraction of the Jacobi morphism with a variation vector field, the Jacobi morphism itself is self-adjoint. This result was used for an important application of the Morse index Theorem [34] .
In [13] a quotient second variational derivative, generalizing invariantly the classical Hessian morphism up to horizontal differentials, was described as the vertical differential of the Euler-Lagrange morphism generalizing the classical Jacobi morphism which thus turns out to be self-adjoint along solutions of the Euler-Lagrange equations.
In this paper, we use intrinsic linearity properties of the gauge-natural lift functor to first prove a Lemma stating in full generality the self-adjointness of the generalized gauge-natural Jacobi morphism defined as a generalized EulerLagrange type morphism in a finite order variational sequence on an extended space. As one of the relevant consequence of this Lemma, we prove that the kernel of the Jacobi morphism defines a split structure on the relevant underlying principal bundle and that such a structure is also reductive.
It is now remarkable that we are framing our investigations within a formulation of the calculus of variations on fibered manifolds, the variational sequence, which is completely differential and free from the use of integrals such as the integral of action. Variational objects such as Euler-Lagrange equations -and thus all higher degree generalizations such as Bergamnn-Bianchi identities, generalized Noether identities, generalized Jacobi equations -are obtained as quotient morphisms of the exterior differential operator acting on sheaves of differential forms. In this case the integration by parts of the action is substituted by global decomposition formulae of well characterized vertical morphism (see e.g. [20, 37, 39] and the review in [41] ). The problem of dealing with local divergences can be solved by using the intrinsic properties of the variational sequence itself and the very nature of variation vector fields we choose (vertical parts of gauge-natural lifts).
Jets of gauge-natural bundles and EulerLagrange type morphisms
We recall some basic definitions and results from the theory of jet spaces with the main aim of stating the notation. Let π : Y → X be a fibered manifold, with dim X = n and dim Y = n + m. For s ≥ q ≥ 0 integers we deal with the s-jet space J s Y of s-jet prolongations of (local) sections of π; in particular, we set J 0 Y ≡ Y . We recall that there are the natural fiberings π For s ≥ 1, we consider the following natural splitting induced by the natural contact structure on jets bundles (see e.g. [40] ):
where
A vector field ξ on Y is said to be vertical if it takes values in V Y . A vertical vector field can be prolonged to a vertical vector field j s ξ :
The vector field j s ξ is characterized by the fact that its flow is the natural prolongation of the flow of ξ. Given a vector field Ξ :
We shall call Ξ H and Ξ V the horizontal and the vertical part of Ξ, respectively. As well known, the above splitting induces also a decomposition of the exterior differential on Y , (π r+1 r
where d H and d V are called the horizontal and vertical differential, respectively. We must stress that such decompositions always rise the order of the objects.
Let P → X be a principal bundle with structure group G. Let r ≤ k be integers and
the semidirect product with respect to the action of GL k (n) on G r n given by jet composition and GL k (n) is the group of k-frames in IR n . Here we denote by G r n the space of (r, n)-velocities on G [21] . The bundle W (r,k) P is a principal bundle over X with structure group
There is a naturally defined right action of W (r,k) n G on W (r,k) P × F so that we have in the standard way the associated gauge-natural bundle of order (r, k):
All our considerations shall refer to Y as a gauge-natural bundle as just defined.
Denote now by A (r,k) the sheaf of right invariant vector fields on W (r,k) P . A functorial map G is defined which lifts any right-invariant local automorphism (Φ, φ) of the principal bundle W (r,k) P to a unique local automorphism (Φ ζ , φ) of the associated bundle Y ζ . Its infinitesimal version defines the gauge-natural lift in the following way:
where, for any y ∈ Y ζ , one sets:
, and Φ ζ t denotes the (local) flow corresponding to the gauge-natural lift of Φ t . Such a functor defines a class of parametrized contact transformations.
This mapping fulfils the following properties (see [21] ):
Definition 1 Let γ be a (local) section of Y ζ ,Ξ ∈ A (r,k) andΞ its gaugenatural lift. Following [21] we define the generalized Lie derivative of γ along the vector fieldΞ to be the (local) section £Ξγ :
The Lie derivative operator acting on sections of gauge-natural bundles is an homomorphism of Lie algebras; furthermore, for any vector fieldΞ ∈ A (r,k) , the mapping γ → £Ξγ is a first-order quasilinear differential operator and for any local section γ of Y ζ , the mappingΞ → £Ξγ is a linear differential operator. Moreover, we can regard £Ξ : J 1 Y ζ → V Y ζ as a morphism over the basis X and by using the canonical isomorphisms
, for any (local) section γ of Y ζ and for any (local) vector fieldΞ ∈ A (r,k) . We remark that, for any gauge-natural lift, the fundamental relation holds true:
The splitting (1) induces splittings in the spaces of forms [40] ; here and in the sequel we implicitly use identifications between spaces of forms and spaces of bundle morphisms which are standard in the calculus of variations (see, e.g. [20, 21, 22 
]).
For s ≥ 0, we consider the standard sheaves Λ [23, 40] , the fibered splitting (1) yields the sheaf splitting H [23] . Consider the following truncation
is the generalized higher order Euler-Lagrange type morphism associated with λ. The morphism K η previously introduced can be integrated by parts to provide a representation of the generalized Jacobi morphism associated with λ [29] , which then can be seen to be a generalized higher degree Euler-Lagrange type morphism.
3 Jacobi equations and reductive split structure Let λ be a Lagrangian and considerΞ V as a variation vector field. Let us set χ(λ,Ξ V )
Because of linearity properties of K hdL j 2sΞV λ , and by using a global decomposition formula due to Kolář [20] , we can decompose the morphism defined above as χ(λ,Ξ V ) = E χ(λ,ΞV ) + F χ(λ,ΞV ) , where F χ(λ,ΞV ) is a local horizontal differential which can be globalized by fixing of a connection; however we do not fix any connection a priori here.
Definition 2 We call the morphism J (λ,Ξ V )
. = E χ(λ,ΞV ) the gauge-natural generalized Jacobi morphism associated with the Lagrangian λ and the variation vector fieldΞ V . We call the morphism H(λ,Ξ V )
. =Ξ V ⌋E n (Ξ V ⌋E n (λ)) the gaugenatural Hessian morphism associated with λ.
The morphism J (λ,Ξ V ) is a linear morphism with respect to the projection
Such a morphisms has been also represented on finite order variational sequence modulo horizontal differentials [13] and thereby proved to be self-adjont along solutions of the Euler-Lagrange equations, a result already well known for first order field theories [16] . By resorting to the relation with the Hessian morphism [30] , we shall prove here the same property in finite order variational sequences on gauge-natural bundles without quotienting out horizontal differentials. As in the case of first order theories, we have in fact the following.
Lemma 1
The Hessian and thus the Jacobi morphism are symmetric selfadjoint morphisms. (dδλ) ) (see the proof given in [29] ), then H(λ,Ξ V ) is self-adjoint. Furthermore, we have
The Jacobi morphism J (λ,Ξ V ) can be interpreted as an endomorphism of J 4s V A (r,k) . In the following we concentrate on some geometric aspects of the space K . = ker J (λ,Ξ V ). Such a kernel defines generalized gauge-natural Jacobi equations [29] , the solutions of which we call generalized Jacobi vector fields. It characterizes canonical covariant conserved quantities. In fact, given [α] ∈ V n s , since the variational Lie derivative [12] of classes of forms can be represented the variational sequence, we have the corresponding version of the First Noether Theorem:
where we put ω(λ,Ξ V ) . =Ξ V ⌋E n (λ) . = −£Ξ⌋E n (λ). As usual, λ is defined a gauge-natural invariant Lagrangian if the gaugenatural lift (Ξ, ξ) of any vector fieldΞ ∈ A (r,k) is a symmetry for λ, i.e. if L js+1Ξ λ = 0. In this case, as an immediate consequence we have that
, which is nothing but the Euler-Lagrange morphism associated with the new Lagrangian ω(λ,Ξ V ) defined on the fibered manifold
We proved that the generalized BergmannBianchi morphism is canonically vanishing along K. This fact characterizes canonical covariant conserved Noether currents [28] .
However, we remark that the Lagrangian ω is not gauge-natural invariant unless, either [Ξ H ,Ξ V ]= 0, or such a commutator is the gauge-natural lift of some infinitesimal principal automorphism.
Nevertheless, along the kernel of the gauge-natural generalized gauge-natural Jacobi morphism we have that L js+1ΞH [L js+1ΞV λ] ≡ 0. Hence BergmannBianchi identities are equivalent to the invariance condition L js+1Ξ [L js+1ΞV λ] ≡ 0 and can be suitably interpreted as Noether identities associated with the invariance properties of the higher degree Euler-Lagrange morphism E n (ω) [31] . As a consequence [15, 14] there exists a covariant n-form H(λ, K) which can be interpreted as a Hamiltonian form for ω(λ, K) on the Legendre bundle
∧ T * X). Let then Ω be the multisimplectic form on the corresponding homogeneous Legendre bundle Z .
Every Hamiltonian form H admits a Hamiltonian connection γ H (λ, K) such that the Hamilton equations γ H (λ, K)⌋Ω = dH(λ, K) hold true [24] . In [30] we proved that the Hamilton equations for the Hamiltonian connection form γ H (λ, K) coincide with the kernel of the generalized gaugenatural Jacobi morphism. As a consequence K is characterized as a vector subbundle [10, 15, 30, 42] .
Theorem 1
The kernel K defines a reductive structure on W (r+4s,k+4s) P .
Proof. Being the Jacobi morphism self-adjoint its cokernel coincides with the cokernel of the adjoint morphism, thus we have that dimK = dimCokerJ . If we further consider that K is of constant rank because, as we just recalled, it is the kernel of a Hamiltonian operator, we are able to define the split structure on (V W (r+4s,k+4s) P ) / W (r+4s,k+4s) n G, given by K ⊕ ImJ . Let h be the Lie algebra of right-invariant vector fields on W (r+4s,k+4s) P and k the Lie subalgebra of generalized Jacobi vector fields defined as solutions of generalized Jacobi equations. The Lie derivative of a solution of EulerLagrange equations with respect to a Jacobi vector field is again a solution of Euler-Lagrange equations. However, the Lie derivative with respect to vertical parts of the commutator between the gauge-natural lift of a Jacobi vector field and (the vertical part of) a lift not lying in K is not a solution of Euler-Lagrange equations. Thus, since J is a projector and a derivation of h, it is easy to see that the split structure is also reductive, being [k, ImJ ] = ImJ .
QED
Remark 1 As a consequence generalized Jacobi vector fields define a kind of reductive gauge-natural lift: we are concerned with the reduction of the structure bundle W (r,k) P to a subbundle with structure group the subgroup of a differential group of the base manifold; thus recovering the geometric framework of reductive G-structures, reductive lifts and induced reductive Lie derivatives of sections, as constructed in [17] .
Our investigations are mainly concerned with the existence of covariant canonically defined conserved currents [28] . More precisely, we consider Lagrangian field theories which are assumed to be invariant with respect to the action of a gauge-natural group W (r,k) n G defined as the semidirect product of a k-th order differential group of the base manifold with the group of r-th order velocities in G (see Section 2) . In fact, notice that the group Diff(X) is not canonically embedded into Aut(P ) (see, in particular, the discussion of this aspect presented in [11, 17, 25] ). We denote by Aut(P ) the group of all automorphisms of the underling principal bundle P , not the "gauge group" of vertical principal automorphisms, as it is sometimes done in Physics. In other words, we are faced with the following general problem: we know how fields transform corresponding to a transformation in P but we do not know how fields transform under changes of coordinates in the base manifold, so that Lie derivatives with respect to infinitesimal base transformations cannot be defined neither in a natural nor in a canonical way, at least a priori.
It is a well known fact that the covariance of the Lagrangian and thus of the Euler-Lagrange equations does not guarantee the corresponding covariance of Noether conserved quantities (a well known example is the Einstein energymomentum pseudotensor which was covariantized by Komar via the introduction of a connection). In all generality, it is a well known fact that one need the fixing of a linear connection on the base manifold and of a principal connection on the principal bundle to get covariant conserved quantities in gauge-natural field theories (this is the outcome of the fact that a global Poincaré-Cartan form can be defined only by fixing such a couple of connections [9] ). However, we showed that a canonical determination of Noether conserved quantities is always possible on a reduced bundle of W (r,k) P completely determined by the original W (r,k) n G-invariant variational problem, without fixing any connection a priori. Instead connections can be characterized by means of such canonical reduction [10] .
Concerning this last point, we stress that several aspects of the geometric formulation of field theories on bundles associated with principal bundles, with different techniques and adopting alternative points of views, for example stressing the rôle of the Poincaré-Cartan form, or formulated on infinite order jet prolongations, have been the subject of a widespread research activity since the Seventies of last Century. Among them, of relevant interest for Physics, the study of reductions of the underlying principal bundle i.e. reductions of the gauge group of the theory. We refer in particular to [2, 3, 5, 7, 6, 17, 18, 19, 32] . Most of such researches were essentially motivated by possible generalizations of the Utiyama Theorem [38] .
The papers [5, 7, 6] are mainly concerned with the reduction of a given variational problem on principal bundles. The word 'reduction' here takes a strictly variational meaning: one considers reduced variational problems, given by the reduced Lagrangian on J 1 P /G, describing so-called Euler-Poincaré equations. Assuming the existence of a reduction of the principal bundle P , the corresponding reduced variational problem describing Lagrange-Poincaré equations is characterized and the reconstruction of the original variational problem from the reduced one is expressed by means of a certain condition on the curvature of a relevant suitably constructed principal connection. The 'semidirect product reduction' considered in [7] is still of purely gauge nature, and does not involve the semidirect action of a differential group of the base manifold on the group of r-th order velocities in G. The papers [2, 3, 32] are rather closer to our approach: the existence of reduced gauge transformations induced by the variational problem itself (in particular by the existence of Noether identities) is investigated; however only purely gauge theories are studied and the problem of the relation of gauge transformations with diffeomorphisms of the base manifold is not considered. Utiyama-like theorems in the case of principal bundles having the structure of a gauge-natural prolongation [18, 19] are mainly purely geometric constructions concerning naturality and functorial aspects, without direct relation with the calculus of variations.
We stress again that the main point at the base of our paper [29] was the possibility of relating the vertical components of a gauge natural lifts with the horizontal ones: i.e. relate gauge infinitesimal transformations with infinitesimal transformations of the base manifold, a first step towards the theory of a unified field. Bundles of fields associated with the class of principal bundles obtained as gauge-natural prolongations of principal bundles [21] have a richer structure than principal bundles tout court. In fact a relation between gauge charges and energy-momentum-like conserved quantities can be obtained when considering invariant variational problems on such a subclass of principal bundles.
As a matter of example let us in fact consider the Lie derivative of spinor fields. It is possible to recover the Kosmann lift (which is not a natural lift) in terms of the reductive lift induced by the kernel of the generalized gauge-natural Jacobi morphism. The Jacobi equations for the well known Einstein-(Cartan)-Dirac Lagrangian just implies that -ifΞ , i.e. the well known Kosmann lift, where∇ is the covariant derivative with respect to the standard transposed connection on the bundle of spin-tetrads. On the other hand, the Lie derivative of spinor fields can be expressed in terms of the horizontal part ofΞ with respect to the spinor-connection Ξ h : consequently we obtain a constraint on the corresponding connectionω on the spinor bundle, as well as on the superpotential corresponding toΞ ab v . In this way we characterize a unique canonical superpotential invariant with respect to the reduced group. Here we used a quite standard notation [9] ; for further details we refer to [10, 31, 42] .
